Abstract A h-uniform hypergraph H = (V, E) is called (ℓ, k)-orientable if there exists an assignment of each hyperedge e ∈ E to exactly ℓ of its vertices v ∈ e such that no vertex is assigned more than k hyperedges. Let H n,m,h be a hypergraph, drawn uniformly at random from the set of all h-uniform hypergraphs with n vertices and m edges. In this paper, we determine the threshold of the existence of a (ℓ, k)-orientation of H n,m,h for k ≥ 1 and h > ℓ ≥ 1, extending recent results motivated by applications such as cuckoo hashing or load balancing with guaranteed maximum load. Our proof combines the local weak convergence of sparse graphs and a careful analysis of a Gibbs measure on spanning subgraphs with degree constraints. It allows us to deal with a much broader class than the uniform hypergraphs.
Introduction
Motivated by load balancing problems [27] , Gao and Wormald [17] introduced the following generalisation to random hypergraphs of a commonly studied orientation problem on graphs. A h-uniform hypergraph is a hypergraph such that all its hyperedges have size h. Let h > ℓ be two given positive integers. A hyperedge is said to be ℓ-oriented if exactly ℓ distinct vertices in it are marked with positive signs with respect to the hyperedge. The indegree of a vertex is the number of positive signs it receives. Let k be a positive integer. A (ℓ, k)-orientation of an h-uniform hypergraph is a ℓ-orientation of all hyperedges such that each vertex has indegree at most k. If such a (ℓ, k)-orientation exists, we say that the hypergraph is (ℓ, k)-orientable. We consider G n,m,h the probability space of the set of all h-uniform hypergraphs on n vertices and m hyperedges with the uniform distribution. A random h-uniform hypergraph is then denoted by H n,m,h . We are now ready to state our main result in this framework: .
Hence our result allows to compute the orientation threshold on the whole range of parameters k ≥ 1 and h > ℓ ≥ 1. To illustrate our result, we computed numerical values of the critical load We should also stress that our result (and our proof) unifies various results available for different ranges of the parameters.
The case ℓ = 1 has attracted a lot of attention and can be described in different terminologies. In the balanced allocation paradigm [4] , we have m balls and n bins. To each ball, two bins are assigned at random. Each ball is to be placed in one of the two bins assigned to it; the aim is to keep the maximal load small. Another formulation of the same problem can be given in data structure language: in the cuckoo hashing method [24] , each one of m keys is assigned two locations in a hash table of size n and can be stored in one of the two locations. If each location has capacity one (or in the balanced allocation, maximal load cannot exceed one), the offline version of this problem corresponds exactly to the standard 1-orientability of the classical random graph G n,m drawn uniformly from the set of all graphs with n vertices and m edges. To see the connection, associate to each location a vertex of the graph and to each key an edge of the graph: the orientation of the edges correspond to the allocation. It is easily seen in this case that we must have m < n/2 in order for G n,m to be 1-orientable. An interesting generalisation of this problem considers bins/locations of capacity k ≥ 1 [12] . This generalisation (with the number of choices per ball/key still equals to 2) corresponds to the (1, k)-orientability described above for the random graph G n,m = H n,m,2 . For k ≥ 2, the sharp threshold for the k-orientability of the random graph G n,m , corresponding to c with c < c h,ℓ,k then there exists with high probability an allocation of the m balls such that the maximal capacity of a bin is one; and if n/m ≥ c with c > c h,ℓ,k then such allocation does not exist with high probability.
Our approach is completely different form the works cited above. We consider the incidence graph of the h-uniform hypergraph H, which is a bipartite graph G = (A ∪ B, E) where A is the set of hyperedges, i.e. are vertices in G with degree h and B is the set of vertices of H. We then consider spanning subgraphs S = (A ∪ B, F ) of G with degree constraints: any vertex from A must have degree at most ℓ in S while any vertex from B must have degree at most k in S. Let the size of such a spanning subgraph be the number of edges |F | in S. The following claim is easy to check and will be the basis of our approach: H is (ℓ, k)-orientable if and only if all vertices in A have degree ℓ in any maximum spanning subgraph with degree constraints (ℓ, k). In this case, the size of any maximum spanning subgraph is ℓ|A|. Indeed in the case (ℓ, k) = (1, 1) a spanning subgraph with degree constraints (1, 1) is simply a matching of G. Based on this observation, Bordenave, Salez and the author already derived the value of c * h,1,1 in [7] . The analysis of maximum spanning subgraphs with general degree constraints ℓ and k requires a significant extension of the results in [7] . Wagner [28] and, more closely related to our work, Salez [26] study the generating polynomial for spanning subgraphs with degree constraints. It follows from [28] that for a sequence of graphs whose size goes to infinity and having a random weak limit (see definition in the sequel or [5] , [3] ), the rescaled size of a maximum spanning subgraph converges. In the case, where the random weak limit is a Galton Watson tree, this limit is characterised in [26] and computed in the particular case of constant degree constraint. In this work, we are able to simplify the characterisation of [26] in our Proposition 5 and to connect it to a simple message-passing algorithm. It allows us to bypass the resolution of a difficult recursive distributional equation (which was a key step in [7] or [26] ). It should perhaps be noted that the result in this paper is stronger than [9, 13, 11, 15, 14, 17] in the sense that it gives the size of the largest spanning subgraph for all values of the parameter c > 0. We state this result explicitly in the following theorem: 
Then we have for any c > 0,
It follows from calculations made in Section 6 that for c < c * h,ℓ,k , we have inf
In particular, for c > c * h,ℓ,k , Theorem 2 gives the asymptotic fraction for the number of balls/keys that cannot be stored in the system. A similar statement was proved in [16] in the particular case of ℓ = k = 1 corresponding to spanning subgraphs being matchings. In the sequel, we will give a more general statement of this result (see Theorem 3) which allows to deal with a larger family of random hypergraphs. Indeed, we believe that this approach will allow to deal with more complex situations where degree constraints could be random and/or asymptotic degree distributions could be changed and can lead to efficient load balancing algorithms. We refer to [21] where such extensions are explored.
The rest of this paper is organised as follows. We give an overview of our proof in Section 2. We start with a careful analysis of a Boltzmann-Gibbs distribution on spanning subgraphs with degree constraints in Section 3 and show some crucial monotonicity of the model. We then give an explicit characterisation of the size of a maximum spanning subgraph when the underlying graph is a finite tree and are able to extend it to a possibly infinite tree using the important notion of unimodularity [2] . In Section 5, we apply these general results to the particular case where the underlying tree is a branching process. This allows us to derive the asymptotic for the size of a maximum spanning subgraph for a converging sequence of bipartite graphs. In Section 6, we apply our results for the particular sequence of graph H n,⌊cn⌋,h and derive Theorem 1.
Gibbs measures and overview of the proof
We consider a finite simple graph G = (V, E) with a vector of N V denoted by w = (w v , v ∈ V ) and called the vector of (degree) constraints. We are interested in spanning subgraphs (V, F ) with degree constraints given by the vector w. Each such subgraph is determined by its edge-set F ⊆ E encoded by the vector B = (B e , e ∈ E) ∈ {0, 1} E defined by B e = 1 if and only if e ∈ F . We say that a spanning subgraph B satisfies the degree constraints or is admissible if for all v ∈ V , we have e∈∂v B e ≤ w v , where ∂v denotes the set of incident edges in G to v. We introduce the family of probability distributions on the set of admissible spanning subgraphs parametrised by a parameter z > 0:
where P G (z) = B z e Be v∈V 1( e∈∂v B e ≤ w v ). We also define the size of the spanning subgraph by |F | = e B e and denote the maximum size by M (G) = max{ e B e : B admissible}. Those spanning subgraphs which achieve this maximum are called maximum spanning subgraphs. For any finite graph, when z tends to infinity, the distribution µ z G converges to the uniform distribution over maximum spanning subgraphs. For an admissible spanning subgraph, the degree of v in the subgraph is simply e∈∂v B e . By linearity of expectation, the mean degree of v under the law µ
The main part of our work will be devoted to the computation of the limit on the right-hand side of (2). In the remaining part of this section, we give an informal description of the main steps. The reader interested in the mathematical proof can skip the rest of this section and proceeds directly to Section 3.
Recall from the Introduction that we see hypergraph H as bipartite graph G = (A ∪ B, E). Then, an hypergraph is (ℓ, k)-orientable if and only if all vertices in A have degree ℓ in any maximum spanning subgraph of the corresponding bipartite graph with degree constraints (ℓ, k). Indeed in this case, we have for any v ∈ A, lim z→∞ D z v = ℓ so that the size of a maximum spanning subgraph is M (G) = ℓ|A|. Our main result will show that lim n→∞ M(Gn(c)) |An| = inf q F ℓ,k (q, c), where G n (c) = (A n ∪ B n , E n ) is the bipartite graph associated to H n,⌊cn⌋,h and the function F ℓ,k (q, c) is defined in Theorem 2. In particular, when inf q F ℓ,k (q, c) < ℓ, our result allows us to conclude that the hypergraph is not (ℓ, k)-orientable for such values of c. In order to get the second half of the Theorem 1, when inf q F ℓ,k (q, c) = ℓ, we need to show that with high probability (as n tends to infinity) there are actually no vertices in A n with degree less than ℓ in a maximum spanning subgraph (since the limit ensures only that the number of such vertices is o(n)). For this part of the proof, we use a density argument which relies on a combinatorial argument of [18] . This is done in Section 6.
We now concentrate on the computation of the limit lim n→∞ M(Gn(c)) |An| using techniques from the objective method developed by Aldous and Steele [3] . A fundamental ingredient of the proof is the fact that the bipartite graphs associated to h-uniform hypergraphs considered in this paper, i.e. with n vertices and cn hyperedges are locally tree-like: with high probability, there is no cycle in a ball (of fixed radius) around a vertex chosen at random. It is then instructive to study maximum spanning subgraphs when the underlying graph is a tree. Let first study the Gibbs measures defined by (1) in the limit z → ∞ in order to analyse maximum spanning subgraphs. When the underlying graph is a finite tree, we can use a more direct and algorithmic way that we now describe.
To study the (ℓ, k)-orientability of the hypergraph H associated to the bipartite graph G, the vector of degree constraints w should be chosen such that w v = ℓ for v ∈ A and w v = k for v ∈ B. For simplicity, we assume here that the vector of degree constraints is constant so that all vertices have the same degree constraint say w ≥ 1. Consider now the following message-passing algorithm forwarding messages in {0, 1} on the oriented edges of the underlying tree G as follows: at each round, each oriented edge forwards a message, hence two messages are sent on each edge (one in each direction) at each round. The message passed on the oriented edge − → e = (u, v) is 0 if the sum of the incoming messages to u from neighbours different from v in previous round is at least w and the message is 1 otherwise, i.e. if the sum of the incoming messages is strictly less than w. Let I k ∈ {0, 1} − → E be the vector describing the messages sent on the oriented edges in − → E at the k-th round of the algorithm. Denote by P G the action of the algorithm on the messages in one round so that I k+1 = P G (I k ). Assume that the algorithm is initialised with all messages set to one: I 0 = 1. Figure 1 shows an example with w = 2 for the messages exchanged for the three first rounds. In Figure 1 , iterating a fourth time the algorithm would again give I 3 . Indeed, it is easy to see that the algorithm will converge on any finite tree after a number of steps equals to at most the diameter of the tree, whatever the initial condition. Hence the messages of the algorithm converge to a vector I * = (I * − → e , − → e ∈ − → E ) solving the fixed-point equation I * = P G (I * ) and the size of a maximum spanning subgraph is given by
where ∂v is the set of oriented edges toward v. For example, one can check on Figure 1 using I 3 = I * that the formula given by (3) equals 5 which is the size of a maximum spanning subgraph.
Proving the correctness of the algorithm and of the formula (3) on finite trees is simple once the following observations have been made:
• a vertex v such that − → e ∈∂v I * − → e ≥ w + 1, will have degree w in any maximum spanning subgraph and all messages in I * sent by v will be zero.
• an edge (u, v) such that I * u→v = I * v→u = 1 will be covered (i.e. with B (u,v) = 1) by any maximum spanning subgraph.
• an edge (u, v) such that I * u→v = I * v→u = 0 will never be covered (i.e. with B (u,v) = 0) in any maximum spanning subgraph.
Note that the correctness of the algorithm is ensured for trees only, but the definition of the algorithm does not require the graph to be a tree. It makes only local computations and can be used on any graph (without guarantee of converging and even in this case without guarantee of correctness). Since the bipartite graphs associated to H n,⌊cn⌋,h are not trees but are locally tree like, it is tempting to use the algorithm directly on these graphs. It turns out that for low values of c, the algorithm will converge and will also be correct (with high probability). This is not a surprise since for c < 1/h, the random graph is essentially a collection of small tree components. It turns out that the algorithm allows to compute the size of a maximum spanning subgraph for values of c above 1/h but it breaks down at some higher value of c, indeed exactly when the (ℓ, k + 1)-core as defined in [17] appears. We did not try to make this claim rigorous as it is not required for our analysis. In the particular case where h = 2 and ℓ = k = 1 (i.e. w v = 1 for all vertices v), our problem reduces to the problem of maximum matching in Erdős-Rényi random graphs and our claim follows from the analysis of Karp and Sipser [19] . More precisely, the greedy algorithm described above corresponds in this case to the standard leaf-removal algorithm studied in [19] (see also Proposition 12 in [8] and the Appendix of [7] ). The (1, 1)-core is simply called the core in these references and it appears if the mean degree is above e. If there exists a (ℓ, k + 1)-core, the intuition is as follows: if we approximate the graph by a branching process and run the algorithm on this tree starting from level k from a root, the influence of the boundary conditions on the value given by the algorithm at the root is positive as we let k tends to infinity. This translates into the fact that on an infinite tree, there might exist several solutions to the fixed-point equation I = P G (I). It is then natural to ask which one is associated to the large n limit maximum spanning subgraphs. From an algorithmic viewpoint, there is 'no correlation decay' and the computations made by the algorithm is not anymore local.
In order to bypass this absence of 'correlation decay', we borrow ideas from statistical physics by introducing the Gibbs measures µ z G defined in (1) parametrised by a parameter z > 0 (usually called the activity or the fugacity) [10] . Informally, the introduction of this parameter z will allow us to capture sufficient additional information on our problem in order to identify the 'right' solution to the fixed-point equation I = P G (I), when we let z goes to infinity. Our first step in the analysis of these measures is to derive a message-passing algorithm allowing to compute the mean degree D z v of any vertex v in a spanning subgraph taken at random according to the probability distribution µ z G . We will proceed by first defining the local computations required at each node and we call them the local operators. We use these building blocks to define a message-passing algorithm which is valid on any finite tree. In particular, we show that as z tends to infinity, the dynamic of the algorithm becomes exactly the one described previously in this section. As a by-product, we prove the validity of (3), see Proposition 3. The advantage of considering these algorithms with z < ∞ is that we are able to define them properly on infinite graphs if these graphs have a natural stationarity property called unimodularity [2] . Section 3.3 presents this notion in details and shows how it is used in our framework. Proposition 4 shows that 'the message-passing algorithm converges to a unique fixed point for any z < ∞'. In other words, Proposition 4 shows that for any z < ∞, there is 'correlation decay'. In the limit z = ∞, the algorithm may 'have more than one fixed-point' (corresponding to the absence of correlation decay mentioned above), but Proposition 5 allows to select the 'valid' fixed-point which gives the mean degree of a vertex 'picked at random' in a 'maximum' spanning subgraph of a possibly infinite graph. The notion of unimodularity is a key concept in making these statements rigorous. This is the price to pay in order to work directly with the infinite, probabilistic object obtained as the limit of our finite problem as n tends to infinity. The reward of this objective method [3] is that in our case, this infinite object with fixed distributional properties is simple to analyse (see Section 5) and captures all the necessary information on the asymptotic behaviour of the original sequence in order to compute the limit (2).
Analysis of Gibbs measures
This section is devoted to the computation of the limit appearing on the right-hand side of (2). We first deal with the particular case where G is a star (i.e. a tree with one internal node and several leaves) then we show that the computation can be done recursively on a finite tree. We also show how these recursions can be extended to possibly infinite unimodular networks (defined in the sequel).
Local operators
In this section, we define local operators associated to the degree constraints defining an admissible spanning subgraph. In particular, the set E used in this section will be interpreted later as the set of edges incident to a given vertex.
Let E be a finite set of elements e and Y = (Y e , e ∈ E) ∈ [0, ∞) E . We define a probability measure µ on {0, 1} E as follows: the binary random variables B e with e ∈ E are independent Bernoulli random variables with µ(B e = 1) = Ye 1+Ye ∈ [0, 1). For a given integer w, we will be mainly interested in the measure obtained from µ by conditioning on e∈E B e ≤ w and we denote it by µ. Simple calculations show that for any (η(e), e ∈ E) ∈ {0, 1} E such that e∈E η(e) ≤ w, we have
where for any set S ⊂ E, Y S is a convenient notation for Y S := e∈S Y e and Y ∅ = 1 and |S| is the number of elements in S. Note that with Y e = z for all e, we recover (1) for a simple star graph, where all edges have exactly one node in common with associated degree constraint w and all other nodes have constraints larger than one.
For a given e ∈ E, we introduce the following notations:
, where (we use the notation E\e for E\{e}):
Note in particular that the function Y → R e (Y) depends only on the components Y ℓ with ℓ = e.
We also define
.
With the interpretation given above of the star graph with all Y e = z, D(Y) is simply the mean degree of the central node under the probability distribution (1).
The following proposition shows crucial monotonicity properties of the functions introduced above. It follows the argument in [26] (see Lemma 1 and 2) using results from the theory of negative dependence in [25] . Proof. From Theorem 2.7 in [25] , we know that the measure µ is negatively correlated: for e = f ,
This result directly gives the first point of the proposition since we have:
For the second point, we compute the derivative of D as follows:
We need to prove that this last quantity is positive. Let µ k denote the law µ conditioned on e∈E B e = k. By Theorem 2.7 in [25] , this measure is still negative correlated so that for e = f , we have:
In particular, we get
Note that for k = 0, the inequality is strict so that summing over k, we get
which concludes the proof for D. Finally, we compute:
where µ z is the conditioned measure obtained with parameter Y = zX. Then, we have
It follows again from Theorem 2.7 in [25] that µ z is still negatively correlated (stability under external fields) so that previous calculation is still valid and this concludes the proof.
In what follows, we will need to consider the extension of previous mappings in order to cover the case Y e = ∞. We now consider Y ∈ [0, ∞] E . Let E ′ (Y) ⊂ E be the set of elements e such that Y e = ∞. We now show that it is possible to extend continuously the mappings R e and D. To start, it is easy to check that for any extension of µ(.), we must have:
we have for any Y e ≥ 0, µ(B e = 0) = 1;
• if |E ′ (Y)| < w, then for any Y e ≥ 0 with e / ∈ E ′ (Y), we have for any (η(e), e ∈ E) ∈ {0, 1} E ,
This simple fact allows to extend the mapping R e as follows:
•
In particular, we have
The mapping R e is continuous. (5) we have for all Y e ∈ (0, ∞), It is also possible to extend the mapping D as follows:
Proof. Since R e (Y) ∈ [0, 1], we need only to deal with the case where there exists an element e with Y e = ∞ and R e (Y) = 0. In this case we have f ∈E\e 1(
1(Y e < ∞) = 0 and,
µ(B e ) = w, and the lemma follows.
A third operator will be important in the sequel. By Proposition 1, we can define for X ∈ (0, 1] E :
Since the mapping (z, X) ∈ (0, ∞) × (0, 1] E → zR e (zX) is non-decreasing in z and non-increasing in X, we can extend the mapping
Lemma 3. The mapping
Proof. If ∀e, either Q e (X) = ∞, or X e = 0, then the left-hand side is 0 and either there exists e such that Q e (X) = ∞, so that by (7) the right-hand side also equals 0, or for all e, Q e (X) < ∞ and X e = 0, in which case e∈E 1(X e > 0) = 0, so that the right-hand side also equals 0. Conversely, if there exists e such that Q e (X) < ∞ and X e > 0, then we have
In view of (6) and (7), we now introduce a fourth important operator: for any I ∈ {0, 1} E and any e ∈ E, we define
, where a sum over the empty set is equal to zero.
Clearly this operator is non-increasing in I. The local operators defined in this section will be the building blocks of a global operator defined on the graph G. When the graph G is a tree, there is a simple connection between this global operator and the distribution (1) and we describe it in the next section. Before that, we introduce some notations. In the sequel, there will be more than one set of element E and weight w involved. Indeed a local operator will be associated to each vertex or (directed) edge of G. To avoid ambiguity, we denote explicitly the dependence in E, w as follows:
Finite graphs
We now come back to the case where G = (V, E) is a finite simple graph and w = (w v , v ∈ V ) is a vector of constraints. For any i ∈ V , recall that ∂i denotes the set of edges incident to i. We now define local operators with associated set of elements ∂i, constraint w i and some weights Y. Clearly each edge (ij) ∈ E will appear in the local operators associated to ∂i and ∂j with possibly different weights. In order to distinguish between these two cases, we will add an orientation to each edge: for the operator with constraint w i , the set of elements will be the oriented edges adjacent to i and directed towards i.
We introduce now some notations. We denote by − → E the set of oriented edges. For i, j ∈ V 2 two adjacent nodes, we denote by i → j the oriented edge from i to j. We still denote by ∂i the set of oriented edges towards i. It will be clear from the context if we consider oriented or non-oriented edges when we write ∂i. We also define ∂i\j as the set of oriented edges towards i except j → i. For a vector X ∈ R E (or R
If the graph G is finite and acyclic, it is easy to see that the law of each marginal B[∂i] under µ z G is exactly described by previous local probability measures µ (∂i,wi) , with constraint: w i ; set of elements: the oriented edges toward i, ∂i; and for some parameters (Y− → e (z), − → e ∈ ∂i) to be computed. We now describe how to compute these parameters:
E . For a given oriented edge j → i, we consider the local map R (∂i,wi) j→i (.) as in previous section with set of elements ∂i, and constraint w i so that
In order to define Z = R G (Y), we set Z i→j = R by R j→i : 
Moreover the marginal law of B[∂i] under µ z G is given by the local probability measure µ (∂i,wi) , with constraint w i , set of elements ∂i and parameters (Y− → e (z), − → e ∈ ∂i) being the restriction to coordinates in ∂i of the solution to (9) .
The fact that the recursion (9) is exact on trees is a standard result in the literature on graphical models [23] (in this context see Lemma 3 in [26] ). It follows directly from this proposition, that the mean degree of vertex v ∈ V under µ z G defined by (1) is given (when G is a tree) by:
Recall that we are interested in the limit z ↑ ∞ in which case, µ z G converges to the uniform distribution over maximum spanning subgraphs. Iterating (9), we obtain Y(z) = zR G (zR G (Y(z))). It is natural to define on [0, 1]
which is well defined by the monotonicity properties shown in previous section. Then, X ′ = Q G (X) is defined by:
As will be shown latter in a more general context, we have lim
Recall that P e was defined in (8) and we extend it to a global operator:
− → E as follows: 
Proof. If X = R G (Y) and I ′ is defined by I
, then by (6) and (7), we see that I = P G (I ′ ) and I ′ = P G (I) so that I = P G • P G (I). Moreover, starting form the leaves and iterating P G , is is easily seen that I ′ = I and that it is the unique solution to I = P G (I). Then, we have
Using
where we used Lemma 3 to get the last equality. The proposition now follows from the observation noted above that 1(X− → e > 0) = I ′ − → e = I− → e .
Remark 1. If we remove the assumption that the graph is acyclic, then
• there might be no solution to the fixed point equation I = P G (I). This is the case for the complete graph with 3 vertices and all weights equal to 1.
• there might exist several solutions to the fixed point equation I = P G (I). This is the case for the complete graph with 4 vertices and all constraints equal to 2: all solutions can be obtained by permuting the role of the edges in the following picture: If G is a finite tree, this proposition with (2) shows that the size of a maximal spanning subgraph M (G) boils down to the computation of (11) which is exactly the formula (3) (for the particular case w v = w). We will now show how to extend this computation to the case where G is possibly infinite.
Infinite unimodular networks
We first need to recall the general framework of [2] . We still denote by G = (V, E) a possibly infinite graph with vertex set V and undirected edge set E. We always assume that the degrees are finite, i.e. the graph is locally finite. A network is a graph G = (V, E) together with a complete separable metric space Ξ called the mark space and maps from V and − → E to Ξ. Images in Ξ are called marks. Each edge is given two marks, one associated to each of its orientation. A rooted network (G, •) is a network with a distinguished vertex • of G called the root. A rooted isomorphism of rooted networks is an isomorphism of the underlying networks that takes the root of one to the root of the other. We do not distinguish between a rooted network and its isomorphism class denoted by [G, •] . Indeed, it is shown in [2] how to define a canonical representative of a rooted-isomorphism class.
Let G * denote the set of rooted isomorphism classes of rooted connected locally finite networks. Define a metric on G * by letting the distance between [G 1 ,
where α is the supremum of those r > 0 such that there is some rooted isomorphism of the balls of graph-distance radius ⌊r⌋ around the roots of G i such that each pair of corresponding marks has distance less than 1/r. G * is separable and complete in this metric [2] .
Similarly to the space G * , we define the space G * * of isomorphism classes of locally finite connected networks with an ordered pair of distinguished vertices and the natural topology thereon.
Definition 1. [2] Let ρ be a probability measure on G * . We call ρ unimodular if it obeys the MassTransport Principle: for Borel
Let U denote the set of unimodular Borel probability measures on G * .
We now illustrate this concept with examples from our problem: a (possibly disconnected) finite graph G = (V, E) with a vector of constraints w = (w v , v ∈ V ) is a network with mark space R and vertices have marks given by the vector w (and oriented edges have mark zero). We still denote by G the network and we write G x for the connected component of x in G. For a (deterministic) finite network G, we define U G as the distribution on G * induced by the uniform measure on the vertices of G: more precisely,
It is easy to verify that U G is unimodular for any finite network G since the equality (12) is equivalent to an interchange of (finite) summation in:
If ρ is a unimodular probability measure on G * with marks on vertices corresponding to their degree constraints, it will be useful to construct other unimodular measures from ρ. We will always start with ρ a unimodular probability measure on G * with marks on vertices corresponding to their degree constraints (and marks on edges being zero). We will take as mark spaces: Ξ = R N + so that the initial mark of vertex v is simply (w v , 0 . . . ). Note that the map R G is still perfectly defined for any locally finite network G and is isomorphism invariant, in the sense that for a graph isomorphism ϕ, we have
where vectors in Z ∈ R − → E are viewed as maps from − → E to R. Hence, we define
To simplify notations, we write R G = R [G,•] . We define Y 0 (z) = 0 and for
It is easy to show that if we set the mark for each edge − → e to
(z), 0, . . . ) we should still get an unimodular probability on G * . Indeed, write explicitly the dependence in the mark and define g(G, •, x, Y(z)) = f (G, •, x, zR G (Y(z))). If we proved that the measure ρ with the marks (Y
and the claim for k follows.
By Proposition 1, we can define lim
, for • and x adjacent, and f (G, •, x, Y) = 0 if • and x are not adjacent. Note that we have:
, in particular all quantities are finite, hence by definition:
where we used the identity:
Since f is continuous in Y and bounded by one, we can apply the dominated convergence theorem and the Mass-Transport Principle with marks Y 2k+1 (z) which converge to Y + (z), to get: 
Hence we proved the following proposition: This proposition allows us to extend the fixed point equation of Proposition 2 to an infinite setting. In the case where a sequence of finite graphs G n admits a random weak limit ρ concentrated on trees (to be defined in Section 4), the solution Y(z) will allow us to define the limit of µ z Gn . We now concentrate on the z → ∞ limit and derive a result similar to Proposition 3 for unimodular networks.
We first introduce a convenient definition: 
For example, we already proved that Y k (z) is spatially invariant for our generic ρ.
Note that the maps Q G and P G are well-defined for any locally finite network G and we can define them for the isomorphism class [G, •] thanks to its canonical representative, as we did above for R G . We can now define for any I ∈ {0, 1}
Recall that for any Y(z), the 'degree' of v: D v (Y(z)) is defined by (10) . We now prove the following result 
where the infimum is over all spatially invariant solution of I = P G • P G (I). Moreover, when ρ is concentrated on trees, we can restrict the infimum over all spatially invariant solution of I = P G • P G (I) which are locally independent, i.e. such that the components of the vector I restricted to ∂• are independent.
In the case where ρ is concentrated on finite trees, we recover exactly Proposition 3 since in this case there is a unique solution to I = P G • P G (I) = P G (I). One can check that in the example of Figure 1 , we have:
, and
where the last quantity is the mean degree in a maximum spanning subgraph. Note that the condition I = P G • P G (I) is crucial for (14) to be valid.
In the infinite setting, there might exist different spatially invariant solutions to I = P G •P G (I) even in the case where ρ is concentrated on trees. In the particular case of branching processes, the computation of F • (I)dρ([G, •]) for each of them is easy and we do it in the following section. In order to conclude and get the asymptotic size of a maximum spanning subgraph, we still need to show that we can invert the limits in z and n and this is done in Proposition 6.
Remark 2. Proposition 5 is valid for any unimodular probability measure ρ, even if ρ does not concentrate on trees. However, we can interpret D • (Y(z)) as the degree of the root in a spanning subgraph taken at random according to the Gibbs measure with activity z, only when ρ concentrates on trees.
Proof. For x ∈ [0, ∞], we define I(x) = 1(x = ∞) and I(.) acts similarly on vectors (componentwise). For I ∈ {0, 1} E , we define ∞ I as the vector in {0, ∞} E having the same positive components as I. Note that we have ∞ I(x) ≤ x for any x ∈ [0, ∞] E .
Lemma 4. Let ρ be a unimodular probability measure on G * with deg(ρ)
Proof. We have
and we have thanks to the MTP applied to the first term:
Let I be a spatially invariant solution of I = P G • P G (I). We define W 0 = ∞ I and for k ≥ 0,
. By previous lemma, we have
Hence we have W 0 ≤ W 1 and since both Q G and R G are both non-increasing the sequence W k is non-decreasing and we denote by W I its limit. We clearly have I(W I ) ≥ I and W I = Q G • R G (W I ) so that by previous lemma:
Moreover since W k+1 ≥ W k , previous lemma implies
Moreover, recall that D • is increasing so that by the monotone convergence theorem, we have
Hence we proved:
) and is such that I(W I ) ≥ I and
. By previous lemma, we also have I(W I(Y) ) ≥ I(Y) so that we have indeed equality and hence
Since D • is increasing and W I(Y) ≤ Y, we finally get equality.
We are now ready to prove Proposition 5. We first prove that z →
and z → Y(z) are respectively non-increasing and non-decreasing. We need only to prove that this result is correct for Y k for any k ≥ 0 and this is shown by a simple induction on k as follows:
we have
is increasing in z and non-increasing in X still by Proposition 1.
Hence we can define lim
E so that by passing to the limit in
, we have X = R G (Y) and Y = Q G (X). Again since the pointwise limit of a sequence of measurable functions is measurable, we see that (Y, X) is spatially invariant and
Let now ρ Z be a unimodular probability measure on G * with marks on vertices w and on edges − → E and z > 0, zR G (zX) ≤ Q G (X) so that an easy induction on k shows that: Y 2k (z) ≤ Z, ρ Z -a.s. Letting first k and then z tend to infinity, we see that Y ≤ Z, ρ Z -a.s.
Let I be a spatially invariant solution of I = P G • P G (I), then by Lemma 5, we have
by Lemma 6, we get,
In the case where ρ is concentrated on trees, it is easily seen that Y is locally independent so that the last claim of the proposition follows. 
Remark 3. With the notation introduced above, we define
In particular, it is NOT necessary the case that I(Y) achieving the minimum in (14) is the smallest solution of I = P G • P G (I).
From finite graphs to unimodular trees
In this section, we show that the analysis made in previous section on infinite unimodular networks allow to compute the maximum size of a spanning subgraph of a sequence of finite graphs when the number of vertices tend to infinity. We consider a sequence of finite networks (G n = (V n , E n , w n )) n∈N . For such sequence, we will use the notion of local weak convergence introduced by [5] and [3] (see also [2] ). Recall that we show in Section 3.3 that uniform rooting is a natural procedure to construct a unimodular measure on G * from a finite network G. This measure is denoted by U G . For ρ a unimodular probability measure on G * , we say the random weak limit of G n is ρ if U Gn converges weakly to ρ (see [6] for details on weak convergence).
n∈N be a sequence of finite networks with random weak limit ρ ∈ BUGWT , with |E n | = O(|V n |) and sup v∈Vn w n v ≤ K for a fixed K > 1. If ρ is concentrated on trees, then we have
Proof. We start be stating a simple consequence of spatial Markov property, see Lemma 4 in [26] .
Lemma 7. For a finite simple graph G = (V, E) with a vector of degree constraints w, let v ∈ V . If the induced subgraph obtained by keeping only vertices at graph distance at most 2k + 2 from v is a tree, then we have for any z > 0,
For a finite graph G = (V, E) and v ∈ V , we denote by χ k (G, v) the indicator function that the induced subgraph obtained by keeping only vertices at graph distance at most 2k + 2 from the vertex v is a tree. By Lemma 7, we have
Assuming that, we have w v ≤ K for all v, we get
Let now G n be a sequence of finite networks with random weak limit ρ. For simplicity, let denote by ρ n be the probability measure U Gn on G * obtained by taking as root of G n a vertex in V n uniformly at random. We can rewrite previous inequalities as follows:
Note that we have D • (Y k (z)) ≤ K and by definition of the metric on G * , the left-hand side and the right-hand side which depends only on the ball of (graph-distance) radius 2k + 2 around the root are continuous on G * so that we can take the limit in (15) . Since ρ is concentrated on trees, the function χ k is one on the support of ρ and we get
By Proposition 5, we can take the limit as k tends to infinity, to finally have for any z > 0,
Recall that by definition,
so that we get by letting first n tend to infinity, using (16) and then letting z tend to infinity
To prove the upper bound, we start with the following observation:
where the polynomial P Gn is the one appearing in the definition of Gibbs measure µ Gn , see (1) . Differentiating once more, we get
by Jensen's inequality. In particular, we see that z → D z
• dρ n is non-decreasing in z > 0 so that we have for any 1 < s,
Moreover, we clearly have P Gn (1) ≤ 2 |En| and P Gn (s) ≥ s M(Gn) , so that we get
or reorganising the terms
Hence by letting first n tend to infinity (using the fact that |E n | = O(|V n |) and (16)) and then letting z tend to infinity, we get lim sup
which concludes the proof.
Computation for branching processes and asymptotics for large graphs
In this section, we consider bipartite graphs G = (V, E) where V can be divided into two disjoint sets A and B such that every edge connects a vertex in A to one in B. We also denote by w A and w B the vectors of degree constraints associated to vertices in A and B respectively. We are mainly interested in sequences of finite networks (G n = (V n , E n ), w A n , w B n ) n∈N simply denoted by G n in the sequel, whose size |V n | diverges to infinity and such that |E n | = O(|V n |).
Our main assumption will be that the sequence of finite networks (G n ) n∈N admits a random weak limit. Motivated by applications, we now describe a natural limit (arising when the network G n itself is random as described in the Introduction) which we call Bipartite Unimodular Galton Watson Trees (BUGWT). A BUGWT is a branching process parametrised by two distributions: a distribution π A on N 2 corresponding to joint distribution of the degree of vertices in A and their associated constraints and a distribution π B on N 2 corresponding to the joint distribution of the degree and mark of vertices in B. We will always assume that
In particular, the size-biased distributions associated to π A and π B are well defined:
A BUGWT is then a branching process defined as follows: with probability m B m A +m B , the root is of type A and has a random number of children and a random constraint drawn according to the distribution π A ; all odd generation genitors have a distribution for the couple offspring, constraint given by π B and all even generation genitors this distribution is π A ; similarly with probability m A m A +m B , the root is of type B and has a random number of children and a random constraint drawn according to the distribution π B ; all odd generation genitors have a distribution for the couple offspring, constraint given by π A and all even generation genitors this distribution is π B . The set of distributions of BUGWT is clearly a subset of the unimodular probability measure on G * and we denote it by BUGWT ⊂ U. 
where
Proof. Let ρ A (resp. ρ B ) be the probability measure on G * obtained from ρ by conditioning on the event that the root is of type A (resp. type B): • ∈ A (resp. • ∈ B). The fact that
follows from Proposition 6. We will now use Proposition 5 to compute the right-hand term.
We first adapt the expression in (14) to our bipartite case and express it as a function of ρ A . For x ∈ [0, ∞], we define I(x) = 1(x = ∞) and I(.) acts similarly on vectors (componentwise). By Lemma 2, we have for any spatially invariant Y:
We now consider a spatially invariant Y solution of Y = Q G • R G (Y) and let X = R G (Y). Hence applying first the MTP and then using Lemma 3, we get
where we used the fact 1(X x→• > 0) = P •→x (I(Y)) by (6) . By Proposition 5, we know that we should consider the minimal such Y so that dividing by 1(
, we obtain:
where the infimum is over all spatially invariant solution of I = P G • P G (I) which are locally independent. Thanks to the Markovian nature of the BUGWT, these recursions simplify into a recursive distributional equation that we now describe. Indeed the law of I x→y is a Bernoulli distribution with parameter say q if x ∈ A and p otherwise. Then the determination of p and q is done as follows: let I A→B , I
A→B i be independent Bernoulli random variables with parameter p and I B→A , I
B→A i be independent Bernoulli random variables with parameter q; let (N A , W A ) and (N B , W B ) be independent random variables distributed according to π A and π B respectively. Then we must have the following equality in laws:
Taking the expectation, we get:
We see that F A (q) correspond exactly to the integral in (17) for a solution of I = P G • P G (I) and the first claim of the Proposition follows.
We define
Let φ A (resp. φ B ) be the generating functions of D A (resp. D B ). After simple computations, we get (by convention, the sum over the empty set is zero):
and similarly for g B and h B .
Simple computations show that:
Hence we have
, we see that (in the case where F A is not constant) the local minimums of
6 Application to orientability of random hypergraphs
We are now in position to prove Theorem 1 claimed in the Introduction. The fact that the random hypergraph H n,⌊cn⌋,h converges weakly almost surely is standard [20] . Hence we can apply our Theorem 3 with
where h > ℓ ≥ 1 and k ≥ 1. Note that Q(x, y) = e −x j≥y x j j! = P(Poi(x) ≥ y) so that we have:
where we denoted explicitly the dependence in c in the expression of F A given in Theorem 3.
With the notations taken in the proof of Theorem 3, we have for h − ℓ ≥ 2,
,
Similarly, we have for k ≥ 2 (and the convention 0! = 1),
so that we get
A simple calculation shows that both 
By definition, we have ξ * = chP (Bin(h − 1, 1 − Q(ξ * , k)) < ℓ), so that since ξ * > 0, we can eliminate the variable c in (18) As noted in the Introduction, H n,⌊cn⌋,h is (ℓ, k)-orientable if and only if M (G n ) = ℓ|A n |. In particular, for c > c * h,ℓ,k as defined in Theorem 1, we see that Theorem 3 implies the result since lim n→∞ M(Gn) |An| < ℓ. However in the case c < c * h,ℓ,k , there is still a difficulty since Theorem 3 only shows that lim n→∞ M(Gn) |An| = ℓ. In words, there might exist o(n) vertices in A n with degree strictly less than ℓ in M (G n ). In order to prove that with high probability, this will not occur we need to rely on specific properties of the h-uniform hypergraph H n,m,h . This part of the proof is also done in [18] and we now describe the main steps of the end of the proof. First, it will be more convenient to work with a different model of random hypergraph that we denote H n,p,h : each possible (h)-hyperedge is included independently with probability p. More precisely, given n vertices with n ≥ h, we obtain H n,p,h by including each h-tuple of vertices with probability p, independently for each of the then the H n,p,h model is essentially equivalent to the H n,⌊cn⌋,h model [20] .
Let c <c < c * h,ℓ,k and consider the bipartite graphG n obtained from H n,p,h withp =ch/ n−1 h−1 . Given a maximum admissible spanning subgraph S(G n ), we say that a vertex in A n (resp. in B n ) with degree ℓ (resp. k) in such a spanning subgraph is saturated. An alternating path is a path in which the edges alternatively are covered in S and uncovered in S. If there exists a vertex v in A n which is not saturated, we consider the subgraph obtained as follows: remove the edges in S adjacent to v and keep all alternating paths starting from v. We denote by K the resulting bipartite graph. It is easy to see that
• the degree in K of v is at least h − ℓ + 1;
• if v ∈ B n ∩ K, then v is saturated in S and its degree in K is k + 1;
• if w ∈ A n ∩ K then if w is saturated in S, its degree in K is at least h − ℓ + 1, otherwise its degree is at least h − ℓ + 2.
We now use a density argument in order to show that the size of K is linear in n w.h.p. Suppose that we are in a case where k ≥ 2 (the case h − ℓ ≥ 2 is similar). Let i be the number of vertices in B n ∩ K. Each such vertex is adjacent to k covered edges in S and 1 uncovered edge in S. Hence, we have |A n ∩ K| ≥ ki ℓ . Hence by Lemma 4.1 of [17] , there exist γ = γ(h, k ℓ ) such that |K ∩ B n | ≥ γn (note that the probability space considered in Lemma 4.1 of [18] is slightly different from ours but asymptotically equivalent as shown by Lemma 3.1 of [18] ).
For c < c * h,ℓ,k , we now construct an admissible spanning subgraph on H n,p,h with p = ch/ n−1 h−1 and saturating all vertices in A n . Note that since p <p, there is a natural coupling between H n,p,h and H n,p,h : we can obtain H n,p,h from H n,p,h by removing each hyperedge independently with probabilitỹ p − p > 0. Start with a maximum admissible spanning subgraph M (G n ) as above. If this maximum spanning subgraph has all vertices inÃ n which are saturated, then we are done, since to obtain an admissible spanning subgraph on H n,p,h we need only to remove the hyperedges in H n,p,h which are not in H n,p,h . If this maximum spanning subgraph has o(n) vertices inÃ n which are not saturated. We denote by gap n = ℓ|Ã n | − M (G n ) = o(n). Note that for any non saturated hyperedge, we can construct a subgraph K as above. If we remove an hyperedge in K, then either this edge was non-saturated and gap n decreased by more than one or, this edge was saturated but then at least one nonsaturaded hyperedge increases its degree in the spanning subgraph. So that in all cases, gap n decreased by at least one. We then proceed as follows: attach to each hyperedge a uniform [0, 1] random variable independently from each other and denoted U a , for a ∈ A n . To obtain H n,p,h , we remove all hyperedges a such that U a ≤p−p. We can do this sequentially starting with the one with the lowest U a . Suppose that at the k-th step (with k ≥ 1), there are still non saturated hyperedges, we consider the union of the subgraphs K described above. We showed that their size is at least γn. Hence with positive probability, the hyperedge removed will decrease the value of gap n . If it reaches zero, then we are done, otherwise, we consider the new sets K and proceed to the next step. Suppose that at the end of the procedure, gap n is still positive. We see that we decreased gap n in total by a binomial random variable with a number of trials linear in n and with a positive probability so that with high probability, this binomial random variable is larger than say ǫn for a sufficiently small ǫ > 0. Hence with high probability gap n reached zero by the end of the procedure and this concludes the proof.
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